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Abstract 

For every n e N, we present a set 5„ of 0(n^/^) points in the plane such that every planar 3-tree with n 
vertices has a straight-line embedding in the plane in which the vertices are mapped to a subset of 5„. 
This is the first subquadratic upper bound on the size of universal point sets for planar 3-trees, as well as 
for the class of 2-trees and serial parallel graphs. 

1 Introduction 

Every planar graph has a straight-line embedding in the plane ITTl where the vertices are mapped to distinct 
points and the edges to pairwise non-crossing straight line segments between the corresponding vertices. 
A set S C of points in the plane is called n-universal if every n- vertex planar graph has a straight-line 
embedding in such that the vertices are mapped into a subset of S. Similarly, 5 C is n-universal for a 
family Q of planar graphs if every n- vertex planar graph in Q has a straight-line embedding in such that 
the vertices are mapped into a subset of S. It is a longstanding open problem to determine the minimum size 
/(n) of an n-universal point set for all n G N. Our main result is that there is an n-universal point set of size 
0(n^/^) for the class of planar graphs of treewidth at most three. 

Theorem 1 For every n G N, there is an n-universal point set of size 0(n^/^) for planar 3-trees. 

The graph is called a k-tree, for some G N, if it can be constructed by the following iterative process: start 
with a fe-vertex clique and successively add new vertices such that each new vertex has exactly k neighbors 
that form a clique in the current graph. For example, 1-trees are the same as trees; 2-trees are maximal 
series-parallel graphs, and include also all outerplanar graphs. In general, k-tiees are the maximal graphs 
with treewidth k. A planar 3-tree is a 3-tree that is planar. Theorem[T]is the first subquadratic upper bound on 
the size of n-universal point sets for planar 3-trees, for 2-trees, and for serial-parallel graphs. 

Related previous work. In a pivotal paper, de Fraysseix, Pach and Pollack lITOl showed that an n-universal 
set must have at least n + (1 — o{l))^/n points. Chrobak and Karloff (W\ improved the lower bound to 1.098n. 
This is the currently known best lower bound for n-universal sets in general. (Kurowski f22^ claimed a lower 
bound of (1.235 — o(l))n for the size of n-universal sets for planar 3-trees, however there is a flaw in the 
counting argument, pointed out recently by Mondal ||23]| .) 

De Fraysseix et al. lITOll and Schnyder f25l independently showed that there are n-universal sets of size 
O(n^). In fact, an (n — 2) x (n — 2) section of the integer lattice is n-universal liy, '25] for every n > 4. 
Alternatively, an |n x |n section of the integer lattice is also n-universal [5 |. The quadratic upper bound is 
the best possible if the point set is restricted to sections of the integer lattice: Frati and Patrignani 1201 showed 
(based on earlier work by Dolev et al. lfT2l ') that if a rectangular section of the integer lattice is n-universal, 
then it must contain at least n^/9 + n(n) points. 
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2 Basic Properties of Planar Three-Trees 



Grid drawings have been studied intensively due to their versatile applications. It is known that sections of 
the integer lattice with o{n?) points are n-universal for certain classes of graphs. For example, Di Battista and 
Frati [,111 proved that an 0{n^'^^) size integer grid is n-universal for outerplanar graphs. Frati [19 1 showed 
that 2-trees on n vertices require a grid of size at least Q(n2^^°^"). Biedl EJ observed that the grid embedding 
of all n-vertex 2-trees requires an Q.{n) x Q.{n) section of the integer lattice ;/ the combinatorial embedding 
(i.e., all vertex-edge and edge-face incidences) is given. On the other hand, a recent result [26] states that 
every series parallel graph, and thus, every 2-tree, can be straight-line embedded in a (2n/3) x (2n/3) section 
of the integer lattice and a section of the integer lattice of area 0.3941n^. 

Researchers have studied classes of planar graphs that admit n-universal point sets of size o(n^). A 
classical result in this direction, due to Gritzmann et al. [2Pj (see also [4|), is that every set of n points in 
general position is n-universal for outerplanar graphs. Recently, Angelini et al. 1 1 j generalized this result 
and showed that is an n-universal point set of size 0(n(log n/ log log nf') for so-called simply nested planar 
graphs, a planar graph is simply nested if it can be reduced to an outerplanar graph by successively deleting 
chordless cycles from the boundary of the outer face. Theorem [T] provides a new broad class of planar graphs 
that admit subquadratic n-universal sets. 

Algorithmic questions pertaining to the straight-line embedding of planar graphs have also been studied. 
The point set embeddability problem asks whether a given planar graph G has a straight-line embedding 
such that the vertices are mapped to a given point set S C M^. The problem is known to be NP-hard [7 |, 
and remains NP-hard even for 3-connected planar graphs lil4J . triangulations and 2-connected outerplanar 
graphs [3j. However, it has a polynomial-time solution for 3 -trees |[T5ll24i . 

In a polyline embedding of a plane graph, the edges are represented by pairwise noncrossing polygonal 
paths. Biedl [2] proved that every 2-tree with n vertices has a polyline embedding where the vertices are 
mapped to an 0(n) x 0{^/rl) section of the integer lattice, and each edge is a polyline with at most two 
bends. Everett et al. |[T6]| showed that there is a set Sn of n points in the plane, for every n € N, such that 
every n-vertex planar graph has a polyline embedding with at most one bend per edge on S. Dujmovic et 
al. 1 13 ] constructed a point set S'^ of size Oir? j log n) for all n G N such that every n-vertex planar graph 
has a polyline embedding with at most one bend per edge in which the vertices as well as all bend points of 
the edges are mapped to S'^. 

Organization. We briefly review some structural properties of planar 3-trees (Section[2]), then construct a 
point set Sn C for every n G N (Section[3]), and show that 5„ is n-universal for planar 3-trees (Section|4]). 

2 Basic Properties of Planar Three-Trees 

A graph G is a planar 3-tree if it can be constructed by the following iterative procedure. Initially, let 
G = K^, the complete graph with three vertices. Successively augment G by adding one new vertex u and 
three new edges that join u to three vertices of a triangle such that no two vertices are connected to all the 
vertices of the same triangle. A planar 3-tree can be embedded in the plane simultaneously with the iterative 
process: the initial triangle forms the outer-face and each new vertex u is inserted in the interior of the face 
corresponding to the triangle it is attached to. 

The iterative augmentation process that produces a 3-tree G can be represented by a rooted tree T = T{G) 
as follows (this is called & face-representative tree in [ 18 ]). Refer to Fig.[T] The nodes of T correspond to the 
triangles of G. For convenience we denote a vertex of T by its corresponding triangle in G. The root of T 
corresponds to the initial triangle of G. When G is augmented by a new vertex u connected to the vertices of 
the triangle A = uiW2f3, we attach three new leaves to A corresponding to the triangles viV2U, viuv-s and 
UV2V3. 

For a node A of T, let Ta denote the subtree of T rooted at A. Let Va denote the set of vertices of G 
embedded in the interior of A. 
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Figure 1: Left: a 3 -tree, constructed from the initial triangle abc by successively adding new vertices 1, . . . , 4. 
Right: The corresponding tree T = T{G). The gray region indicate subtree Taic rooted at ale, and its 
corresponding vertex set Vaic ^ y{G)- 

In Section |4j we embed the vertices of a planar 3 -tree on a point set by traversing the tree T from the root. 
The initial triangle abc will be the outer face in the embedding such that edge ab is a horizonal line segment, 
and vertex c is the top vertex (i.e., it has maximal y-coordinate). We then successively insert the remaining 
re — 3 vertices of G, each of which subdivides a triangular fase into three triangles. We label the vertices 
of each triangle of G as left, right and top vertex, respectively. These labels are assigned (without knowing 
the specifics of our embedding algorithm) as follows. Label the three vertices of the initial triangle in G 
arbitrarily as left, right and top, respectively. When G is augmented by a new vertex u and edges uvi, uv2, 
and uvs, where vi is the left, V2 is the right, and vs is the top vertex of an existing triangle V1V2V3, then let vi, 
V2, and V3 keeps their labels left, right, top, respectively) in the new triangles V1V2U, V2V3U and viv^u; while 
vertex u becomes the top vertex of V1V2U, the left vertex of V2V?jU, and the right vertex of viV'^u. The triangles 
V1V2U, V1UV3 and UV2VS, respectively, will be called the bottom, left and right triangles within V1V2V3. In the 
tree T = T{G), the three children of a node corresponding to a vertex can be labeled as bottom, left, and 
right child, analogously. 

3 Construction of a Point Set 

We construct a point set Sn C of size 0(re^/'^) for every re G N. Assume in the sequel that n^/^ is an 
integer, otherwise let 5„ = 5|-^i/3-|3. 

The point set 5„ is constructed in two easy steps: we first choose a "sparse" set Bn of 0(re^/'^) points 
from a 14n x 14n section of the integer lattice, and then "stretch" the points by the transformation {x, y) — )• 
(x, (28n)^), as described below. 

Sparse grid. Let An = {(«, j) G : < i, j < 14re} be an 14re x 14re section of the integer lattice. Let 
Bn C An be the set of points in An with at least one of the following four properties (see Fig.|2j left): 

(a) (i, j) such that i = mod n}/^ (full columns); 

(b) (i, j) such that j = mod re^/^ (full rows); 

(c) {i + k,j + k) such that i,j = mod re^/^ and < k < re^/^ (forward diagonals); 

(d) {i + k,j — k) such that i,j = mod re^/^ and < k < n^^'^ (backward diagonals). 



Stretched grid. We deform the plane by the following transformation. 

r:M^^M^ (x, y) ^ (x, (28re)^). 
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3 Construction of a Point Set 




Figure 2: Left: A schematic picture of a sparse grid: every point is in a full row, a full column, a forward 
diagonal or a backward diagonal. Right: A grid and three points pi = (oi, p2 = (a2, 62) and = 
(03, 63) with ai < a2 < 03 and 61 < 62 < ^3- The Jordan arcs between the points represent straight-line 
segments between the stretched points r(ai, 61), r(a2, 62) and r(a3, 63). 



For an integral point {i, j) G Z^, we use the shorthand notation r(i, j) = T{{i, j)). If A C M? is a rectangular 
section of the integer lattice (a grid), then we call the point set t{A) = {t{p) : p £ A} a stretched grid. Note 
that T translates every point vertically, and it translates points of the same y-coordinate by the same vector. 
The purpose of transformation r is to establish the following property for the stretched grid t(^„). 

Observation 2 Let (ai, 61), (02, 62), (03, 63) G An such that (02, 62) lies in the interior of the axis-aligned 
rectangle spanned by (ai, 61) and (03, 63) (formally, ai < 02 < 03 and either bi < &2 < ^3 orb^ < 62 < 
Then r(a2, 62) iies below the line segment between r(ai, 61) and r(a3, 63). (See Fig.|2| right) 

Proof. We may assume that 61 < 62 < ^3> since the other case can be treated analogously. Denote by L the 
line through (oi, ci) = r(ai, 61) and (03, C3) = r(a3, 63). Consider the following function in two variables: 



D{x,y) 



1 1 1 

«! 03 a; 
ci C3 y 



asy - C3X - aiy + cix + 0103 - 0103. 



The function D{x, y) is negative for all the points below L and positive for all the points above L. For 

(02, C2) = r(a2, 62), we have L'(a2, C2) = 03(01 - 02) + a2Ci + 02(03 - oi) - cia^ < 03(01 - 02) + 0201 + 
0203 < -C3 + 14nci + 14nc2 < -(28n)''3 + l4n(28n)*3-i + 14n(28n)^«-i = 0. Hence (02,02) = r(a2,62) 
is below the line L, as required. □ 



Universal point set for 3-trees. We are now in a position to define 5'„. Let Sn = T{Bn). Intuitively, Sn is a 
sparse 14n x 14n grid with diagonals inside each "hole," and stretched vertically by r. 

Similarly to JSl, our illustrations show the "unstretched" point set Bn = T~^{Sn) instead of Sn- The 
transformation r^^ maps line segments between points in Sn to Jordan arcs between grid points in Bn- In 
our figures, line segments are drawn as Jordan arcs that correctly represent the above -below relationship 
between segments and points (Fig.|2j right). 

Remark 3 The grid-embedding algorithm by Fraysseix et al. lITOll embeds every n-vertex planar graph on an 
(2n — 4) X (n — 2) section of the integer lattice. Their algorithms works on the stretched grid in place of the 
integer grid. Specifically, we use their result in the following form. Suppose that G is a planai" graph with 
n G N vertices and a given combinatorial embedding in which u, v and z are the vertices of the outer face. 
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Let X, y C N be two sets of cardinality \X\ > 2n and |y| > n. Then G has a straight-line embedding such 
that the vertices are mapped to the stretched cross product t{X x Y) of size at least 2n^; the two endpoints 
of edge uv are mapped to r (min X, min Y) and r (max X, min Y) , respectively; and z is mapped to a point 
in the top row t{X x max Y). Note that in such a drawing shifting u and v vertically below while keeping 
the other vertices fixed does not introduce any edge crossing. 

4 Embedding Algorithm 

Let G be a planar 3-tree with n vertices. We construct a straight-line embedding of G such that the vertices are 
mapped into Sn- Our embedding algorithm is guided by the tree T = T{G), which represents an incremental 
process that constructs G from a single triangle. Recall that Ta denotes the subtree of T rooted at a node A; 
and Va denotes the set of vertices of G that correspond to nodes in Ta. 

Let the weight of a node A of T be weight (A) = | Va|- A node A is heavy (resp., light) in T if its weight 
is at least (resp., less than) -n}/^. We say that a node A of T is a big-split if it is not the root of T, and 
■n}/'^ < weight(A) < weight(A') — n^/^, where A' is the parent of A. The tree T is a partition tree, where 
weight(A) equals one plus the total wdeight of the children of A for every node A. Consider the substree T' 
of T induced by the nodes of weight at least n}/^. Observe that all big-split nodes of T are contained in T', 
and every big-split has degree 3 in T' unless it is the root or a leaf in T'. Since T' has at most n^/'^ leaves, it 
has at most n^^'^ — 1 non-root vertices of degree at least three. Thus, there exist at most 2n^/'^ big-split nodes 
in T. 

Overview. We embed the vertices of G by traversing T from its root. For every node A with sufficiently 
large weight, we choose an axis-aligned rectangle R{A) such that the vertices in Va will be mapped to 
points in Sn n -R(A). Intuitively, R{A) is a region "allocated" for the vertices in Va- See Fig. [5] for an 
illustration. For convenience, we describe the dimensions of all rectangles i?A in terms of the unstretched 
gridB„ = r-i(S„). 

If we reach a node A with sufficiently small weight in the breath-first traversal of T, we use Remark [3] 
to embed Va into the point set Sn n -R(A). We can use Remark|3]if Sn n -R(A) contains a cross product 
X xY where \X\ > 2 • weight(A) and \Y\ > weight(A). The cross product X xY will contain either full 
rows or full columns in 5„ n i?(A). Since every n^^^-th row and every n^^^-th column of Sn is full, -R(A) 
must intersect either at least 2weight(A) full columns and weight(A) arbitrary rows; or at least 2weight(A) 
arbitrary columns and weight(A) full rows. Hence R{A) must intersect either at least 2weight(A)n^/^ 
columns and weight(A) rows; or at least 2weight(A) columns and weight(A)n^/^ rows of 5^. 

Let u denote the vertex of G connected to all three vertices of A G V{T), if such a vertex exists. Let 
Ai, A2 and A3 denote the children of A. The main difficulty of our strategy lies in the fact that at each 
step of the algorithm we need to allocate three internally disjoint rectangles i?(Ai), i?(A2) and -^(As) such 
that they intersect in a single point of Sn H i?(A). Intuitively, we would like to choose rectangles R{Ai), 
R{A2) and ii(A3) so that their areas are proportional to their weights. This would be possible (up to integer 
rounding) if all points of T{An) n R{A) were available for embedding u. However, we have to place « at a 
point of the sparse set T{Bn) H R{A), and so some distortion is unavoidable. A simple way to achieve that 
R{Ai), R{A2) and R{A^) intersect in a single point of Sn is to "snap" their corners to an intersection point 
of a full row and a full column of Sn- Each such snapping can "waste" up to 0(n^/^) units in both horizontal 
and vertical directions, and hence, we apply it only to the 0(n^/^) big-split nodes of T. 

In order to avoid to waste too many points of Sn, we maintain an invariant for heavy nodes A that requires 
the lower-left and lower-right comers of R{A) to be on a forward and, respectively, backward diagonal 
of Sn (invariant /a below). This will allow for allocating the rectangles R{Ai), R{A2) and i?(A3) more 
economically in the case that A is not a big-split node than in the case it is. 

Snapping. To every big-split node A, we would like to assign a rectangle R{A) whose bottom corners are in 
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4 Embedding Algorithm 



the intersection of full rows and full columns of Sn- Our algorithm (described below) achieves this property 



in two steps (refer to Fig. 3a 3c i: It first selects a rectangle -Ro(A) which may not have this property, and 
then applies a repair step (called "snapping") to establish the required property. Suppose that A is a big-split 
node, and not all corners of the rectangle i?o(A) are at full rows or full columns of the grid The repair 
step increases the width and height of i?o(^) by 2n^/^ to obtain a larger rectangle i?Q(A); and then snaps 
the comers of i?o(A) to points lying on full rows and full columns within i?Q(A) (thereby decreasing the 
width and height of i?o(A) by at most n^/'^) as follows. 



•i?o(A) 



i?^{A). 



•i?o(A), 



. : . ■ i?(A) 



•i?o(A-) 



i?;,(A). 



■A 



Figure 3: Upper left: A rectangle i?o(A) that intersects a vertical line Ix and a horizontal line iy. Upper right: 
Shift every comer on the left and right of Ix by n^/^ to the left and right, resp., and every comer above and 
below ly by n^/^ up and down, resp.. Below: Let ii(A) C i?Q(A) be the maximal axis-aligned rectangle 
whose comers are on full rows and full columns. 



Let ix (resp., iy) be a vertical (resp., horizontal) line passing through i?o(A). For all rectangles i?(A'), 
shift every comer lying on the left (right) of ix to the left (right) by ■n}!'^ . Similarly, for all the already allocated 
rectangles i?(A'), shift every corner above (below) iy up (down) by n^/^. (Shifting is meant in terms of the 
unstretched grid: for example a point T{i,j) right of £x and above £y is shifted to r(i + n^/^,j + n^^^).) 
This operation maps i?o(A) to a rectangle Rq{A). Note that the operation does not decrease the width and 
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height of any rectangle. Finally, let -R(A) C i2g(A) be the maximal axis-aligned rectangle whose comers 
are on full rows and full columns of Bn. 

Since there are at most 2v?^^ big-split nodes in T, we perform at most 2n^/'^ snapping operations, one for 
each big-split node. Altogether, the snapping operations increase the width and the height of the bounding 
box by 2n^/^ • 2v}/^ = An. The point set Bn is a 14n x 14n section of the sparse grid. If we choose the 
initial rectangle (assigned to the root of T) as the middle lOn x lOn portion of Bn with margins of 2n all 
around, then all rectangles remain within the point set Bn after snapping. 

Each snapping operation changes the width and height of rectangles allocated to several nodes of T. A 
snapping for a rectangle i?(A) affects the dimension of all ancestors of A as well as of any other rectangle 
that intersect or £y. In the analysis of our algorithm, we do not attempt to maintain the true dimensions of 
the rectangles. We are satisfied with lower bounds on their widths and heights. Since the snapping operations 
can only increase the dimensions of the rectangles, we can afford to ignore their effect completely, and we 
still retain a lower bound for the true dimensions. We define the width (resp., height) of an axis-aligned 
rectangle R with respect to the unstretched grid, and denote them by w{R) and h{R), respectively. Hence a 
rectangle R intersects at least w{R) (not necessarily full) columns and h{R) (not necessarily full) rows. 

Invariants. By traversing the tree T from the root, we assign a rectangle i?( A) to every node A up to the depth 
where Remark [s] becomes applicable, that is, [w{R{A)) > 2weight(A) and h{R{A)) > 20n^/^weight(A)] 
or [h{R{A)) > weight(A) and w{R{A)) > 20n^/^weight(A)]. The constant factor of 20 is used merely to 
simplify the analysis of the algorithm. We call the set of nodes of T where these conditions are first satisfied 
the fringe of T. For a fringe node A, we can embed the vertices in Va using Remark[3] and so there is no 
need to assign rectangles to its descendants. 

For all nodes A at or above the fringe of T, we maintain the following invariants. 

h If Ta Q Ta' then R{A) C R{A'); otherwise R{A) and R{A') are interior-disjoint. 

12 If A is a triangle of G, then the horizontal extent of R{A) lies in the horizontal extent of triangle A; if 
u G Va, then u is embedded in the interior of -R(A). 

13 If weight(A) > n^/^, the lower-left and lower-right comers of R{A) are in 5„; specifically, the 
lower-left corner is in a forward diagonal, and the lower-right corner is in a backward diagonal of Sn- 

h If weight(A) > ni/3,thenu;(i2(A)) • h{R{A)) > lOOnweight(A). 

h If weight(A) < ri^l^, then [w{R{A)) > 2weight(A) and h{R{A)) > 20n^/Veight(A)] or 
[h{R{A)) > weight(A) andw{R{A)) > 20ni/3weight(A)]. 

Note that invariants Ii, I2 and Is ensure that all light nodes A (i.e., nodes with weight(A) < n^^^) are 
on or below the fringe. We now recursively allocate rectangles R{A) for all nodes A of T on or above the 
fringe of T, maintaining invariants /1-/5. 

Initialization. Denote by abc the initial triangle of G, with a labeled left, b labeled right and c labeled top. 
Then we have T = Tabc- Let R{abc) be the bounding box of a lOn x lOn section of Sn- Embed a and b to 
the lower-left and lower-right comers of R{abc), respectively. Embed c in the upper-right corner of R{abc) 
(see Fig.|4]). It is clear that invariants /1-/5 are satisfied for abc. 

By construction, every non-leaf node of T has three children: a left, a right and a top child. For a node A' 
the rectangle -R(A') is obtained from its parental rectangle R{A) by the following procedure. 

Assume that the vertices of triangle A have already been embedded and we have a rectangle R{A) 
satisfying invariants /1-/5. If A is on the fringe of T, then the embedding of the vertices Va is completed by 
Remark[3]and invariant Is. Otherwise, denote the bottom, left and right child of A, respectively, by Ai, A2 
and A3. Suppose that -R(A) = T([a, b] x [c, d]). We distinguish between two cases depending on the number 
of heavy children of A. 
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4 Embedding Algorithm 




Figure 4: The embedding of a 3-tree G from Fig. 2 on a sparse grid. 



The node A has more than one heavy child. In this case, we partition the area of rectangle -R(A) among 
its three children proportionally to their weights; and establish invariant /s by snapping operations for the 



heavy children. Note that all heavy children of A are big-split nodes. Refer to Fig. 5a 

We choose rectangles i?(Ai), -R(A2) and -R(A3) C i?(A) for the children of A; and place the vertex of 
G corresponding to A at a point in i?(A) n Sn such that its x-coordinate corresponds to the right side of 
i?(A2) and the left side of -^(As), and its y-coordinate lies (not strictly) below both rectangles and above 
rectangle i?(Ai). 

Note that weight(A) = weight(Ai) + weight(A2) + weight(A3) + 1. We distribute the height of i?(A) 
between i?o(^i) and i?o(^2) U i?o(^3) proportionally to their weights. Then we distribute the width 
of -Ro(A) between i2o(A2) and i?o(A3) proportionally to their weights. Finally, the rectangles of heavy 
children among i?(Ai), i2(A2) and i2(A3) are obtained by snapping the comers of Rq{^\), i?o(^2) and 
i?o(^3)> respectively, to full rows and full columns as described above. The rectangles R{A.i) for light 
children Aj are equal to i?o(Aj). Due to snapping, the lower- left (resp., lower-right) corner of R{Ai), for a 
heavy Aj, is on a forward (resp., backward) diagonal of Sn- Hence, we maintain invariant I^. 

The height of the rectangle -R(Ai) is at least 

-Mi^lA)). 
weight(A) ^ ^ 

The height of the rectangle R{A2) (R{As) is treated analogously) is at least 

weight(A2) + weight(A3) _ 

weight(A) ^ ^ 

The width of the rectangle R{A2) {R{A^) is treated analogously) is as least 

weight (A2) 



weight(A2) + weight(A3' 



■w{R{A)). 



The node u has at most one heavy child. In this case, we do not use snapping: we choose the height (or 
the width) of each light child to be at least their weight (or twice their weight); and we establish invariant 73 



using the forward and backward diagonals. Refer to Figs. 5b and 5c 

Let us distinguish between two subcases depending on whether the bottom child is heavy or not. 

If the heavy child of A is the bottom one, i.e. Ai, let ta = max{weight(A2), weight(A3)} be the total 
weight of the two top children. We assign 



R{Ai) :=r([a,6] x [c,d-rA]) 
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Figure 5: (a) A step where all three children of A are heavy. The comers of all rectangles i?(Aj) were 
snapped to the intersection of full rows and columns, (b) A step where only the bottom child of A is heavy. 
No snapping is necessary, (c) A step where only the right child of A is possibly heavy. No snapping is 
necessary. 



and we distribute the width of the remaining part of R{A) evenly between R{A2) and i?(A3) so that we can 
map the vertex of G corresponding to A to a point in -R(A) n Sn such that its x-coordinate corresponds to 
the right side of -R(A2) and the left side of -R(A3) and its y-coordinate is d — 2r^. 

Otherwise, if, say, the left child A2 is light, let ta = max{weight(Ai), weight(A2)}. We assign 

i?(A3) := T([a + 2rA, b - 2rA] x [c + 2rA, d]) 

and place the vertex of G corresponding to A at the point r([a + 2rA, c + 2rA]) on a forward diagonal. Then 
we assign i?(Ai) = T([a, b] x [c, c + 2rA]) and R{A2) = T([a, a + 2rA] x [c + 2rA,d]). The lower-left 
(resp., lower-right) comer of -^(Aa) is on a forward (resp., backward) diagonal of Sn- Thus, we maintain 
invariant I^. 

If the right child Ai is light, the embedding is done analogously, placing the vertex of G corresponding to 
A on a backward diagonal. This concludes the description of the embedding algorithm. 

Maintenance of invariants. The invariants I1-I5 trivially hold when A is the root of T. By constmction, 
the invariants h,l2, and J3 are maintained for subtrees in each step of our algorithm. It remains to verify that 

invariants I4 and I5 are maintained. 

To verify invariant consider a node A of T corresponding to a heavy triangle. Let Ai, A2, . . . , A^ 
be the vertices on the path in T from the root Ai to A^ = A corresponding to triangles. Suppose that 
invariant 74 holds for Aj, \ < i < k. Assume that the rectangles i?(Ai) 2 ■ • • 2 ^(Ajfc) form a nested 
sequence by invariant I\. The heights and widths of the rectangles -R(Aj) may decrease in three essentially 
different ways: 

(a) w{R{A,+^)) > w{R{A,)) and/i(i?(A,+i)) > h{R{A,))^^^^^; 

(b) w{R{A,+,)) > w{R{Ai))^^S^^^ and /i(i?(A,+i)) > h{R{Ai)) ^^^^^ where q+i is a pa- 
rameter with Cj+i > weight(Aj_|_i); 

(c) w{R{Ai+i)) > w{R(Ai)) - 4r and h{R{Ai+i)) > h{R{Ai)) - 2r where r = weight(Ai) - 
weight (Aj+i). 

Case (a) occurs when i?(Aj_|_i) is a bottom rectangle. Indeed, even if A^+i is the bottom child (and 
the only heavy child of A^ by invariant we have h{R{Ai)) > lOweight(Ai), since h{R{Ai)) < lOn. 
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Case (b) occurs when i?(Ai+i) is a left or right rectangle, and both the left and right child of Aj are heavy. 
Case (c) occurs when ii(Ai+i) is a left or right rectangle, and A^+i is the only heavy child of Aj. 

In cases (a) and (b), the width or the height decreases at most proportionally with the weight, while the 
other dimension remains constant, and in case (c) the width and the half-height decreases by the at most 
4 times the actual decrease in weight. We show that in all three cases, the area of the rectangle decreases 
proportionally to the weight, that is, 

w{R{Ai+i))h{R{A^+i)) ^ weight(A^+i) 
w{RiAi))h{R{A,)) - weight(A,) 

This is obvious in cases (a) and (b). In case (c), we have: 

w{R{A,+i)) h{R{A,+i)) ^ {w{R{A,))-4r){h{R{Ai))-2r) 
w{R{Ai)) ■ h{R{Ai)) w{RiAi)) • hiRiA,)) 

lOOnweight(Aj) — 6r • lOn 



> 



> 



lOOn weight (Aj) 
100nweight(Aj+i) weight(Ai+i] 



lOOrz weight (Aj) weight(Aj) 



where we used that w{R{Ai)) < lOn and h{R{Ai)) < lOn since we ignore snapping, and we have 
w{R{Ai)) ■ h{R{Ai)) > lOOnweight(Aj) by invariant I4. It follows that ^ holds for i = 1, . . . , A; - 1. 
Therefore we have 

«,(iS(A.)) . ft(fi(A,)) > 10„.10weigh.(A.)^^ggg)|^-...- ""f"'^^' 

weignt(Aij weignt(Afc_ij 

> lOOnweight(Afc). 

This confirms invariant I4. 

In what follows we show that invariant Is is also maintained. Consider a light node A, whose parent A' is 
heavy, that is, weight(A) < n^^^ and weight(A') > n^/^. By invariant I4, we have w{R{A')) ■ h{R{A')) > 
lOOnweight(A'). This immediately implies h{R{A')) > lOweight(A') and w{R{A')) > lOweight(A'), 
since w{R{A')) < lOn and h{R{A')) < lOn. Since A' is above the fringe of T, we have w{R{A')) < 
20n^/^weight(A') and /i(i?(A')) < 20n^/^weight(A'). The combination of these inequalities with invariant 
h yields h{R{A')) > Sn^/^ and w{R{A')) > Sn^/s. 

If A' has at least two heavy children, then invariant holds for A by the above analysis (as case (a) or (b) 
occurs), and Invariant follows easily. It remains to consider the case that A' has at most one heavy child. 

If the heavy child of A' is the bottom one, then A is either the left or the right child of A', and we can 
bound the height and width of R{A) by h{R{A)) > weight(A) and w{R{A)) > 2n?/^. Otherwise, assume 
by symmetry that the only heavy child of A is the right child, hence A is either the left or the bottom child of 
A'. If A is the left child, then h{R{A)) > h{R{A')) - n^/^ > and w{R{A)) > 2weight(A). If A is 

the bottom child, we have h{R{A)) > 2weight(A) and w{R{A)) = w{R{A')) > 5n?/^, and invariant 4 
follows. This concludes the verification of the invariants, and the proof of Theorem[T] 



5 Conclusion 

We have presented a set Sn of 0(n^/^) points in the plane such that every n-vertex planar 3-tree has a 
straight-line embedding where the vertices are mapped into Sn- We do not know what is the minimum size of 
an n-universal point set for planar 3-trees. 

The bottleneck of our method is the snapping operation. Recall that snapping is invoked at most 2n^/^ 
times, once for each big-split node, and each snapping operation extends the width and the height of the outer 
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face by 2re^/^. If not for invariant I3, we could abandon the snapping operations and we could define a sparse 
grid with resolution y/n instead of n^/^, yielding a point set of size 0(n^/^). 

The point set Sn, n G N, defined in Section[3]is n-universal for planar 3-trees. It certainly admits some 
other n-vertex planar graphs, too. It remains to see whether it is n-universal for all n- vertex planar graphs. 

Acknowledgements. We are grateful to Vida Dujmovic and David Wood for their encouragement and for 
repeatedly posing the universal point set problem for 2-trees and planar 3-trees. 
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